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The simple Hiiekel method was first applied to the electronic structure of the iron-porphyrin 
complexes by PULLMAN et M. [12]. In this paper, their work is extended to include (a) the 
effect of a dipole or a point charge placed at the sixth coordination position, and (b) the effect 
of a nitrogen atom placed at the fifth coordination position. A set of new parameter values is 
used, whose estimation is made by directing special attention to their dependence on the 
charge distribution among the atoms. 

The resulting charge distribution for ferro-porphyrin seems to be reasonable. The fact that 
the position of the Sorer peak is insensitive to the sixth ligand can be understood from the 
resulting orbital energy levels. 

The difficulty of finding a reasonable charge distribution for ferri-porphyrin is discussed. 

Die einfache Hiickelsche l~ethode ist auf die Elektroncnstruktur der Eisen-Porphyrin- 
Komplexe zuerst yon PVLLMAN et al. [12] angewandt worden. In der folgendcn Arbeit wird 
ihr Verfahren auf (a) die Wirkung eines Dipols oder einer Punktladung an der sechsten 
Koordinationsstelle und (b) die eines Stickstoffatoms an der ffinften erweitert. Ein Satz neuer 
P~rameterwerte wird verwandt, bei deren Bestimmung besonders auf ihre Abh~ngigkeit yon 
der Ladungsverteflung geachtet wird. 

Die erhaltene Ladungsverteilung ftir Ferroporphyrin erscheint verniinftig. Die Unemp- 
findlichkeit der Lage der Soret-Bande gegen den sechsten Liganden ist aus den erhaltenen 
Energieniveaus zu verstehen. 

Die Schwierigkeit, eine verniinftige Ladungsverteilung fiir Ferriporphyrin zu finden, wird 
diskutiert. 

La simple re@rhode de Hiiekel a @t@ appliqu@e & la structure @lectronique des complexes 
fer-porphyrine pour la premi@re fois par PUr.LMAN et al. [12]. Dans l'article suivant, leur 
travail est @tendu afin d'inclure (a) l'effet d'un dip61e ou d'une charge ponctuelle sur la sixi~me 
position coordinative, et (b) l'effet d'un atome de nitrog@ne sur la cinqui~me position. Un jeu 
de nouvelles valeurs des param~tres est us@ qu'on d@termine en tenant eompte sp@cialement 
de leur d@pendance de la distribution des charges atomiques. 

La distribution de charge obtenue pour la ferroporphyrine semble ~tre raisonnable. Le fair 
que la position de la bande Sorer est insensitive eontre le sixi@me ligand, peut 8tre eompris 
raide des @nergies des orbitales ealeul@es. 

La difficult@ de trouver une distribution de charge raisonnable pour la ferriporphyrine est 
diseut@e. 
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1. Introduction 

One of the most ~ateresting chemical properties of Fe-porphyrin complexes is 
the existence of "high-spin" and "low-spin" states. ]~or example, the number of 
unpaired spins in HbH20 and Hi l l20  is 4 and 5 respectively, while that  in HbO 2 
and H i O H -  is 0 and i respectively. 

Another interesting feature is their spectra. All these complexes show an 
extremely strong band, called the Soret band, at 390 - -  430 m#. The position of 
the peak does not change very much for HbH20 , HbO 2 and even for metal-free 
porphins. 

The complexes are known to play very important roles in oxidative and 
reductive reactions in biological systems. I t  has been pointed out that  this redox 
power is closely relal~ed to the orbital energies of the highest occupied and the 
lowest unoccupied molecular orbitals [11]. 

I t  is very difficult to give 'a  theoretical interpretation of these phenomena 
from first principles. And it is even more difficult to explain the oxygen-uptake 
power of haemoglobin. However, it is clear that  one of the most fundamental 
pieces of knowledge about this molecule is its electronic structure. 

We use the simple ttfiekel method in this work not because it is adequate for 
our purposes, but because it is simple enough to be easily applied to complicated 
systems such as the iron-porphyrin complexes. 

The simple Hfiekel method was first applied to the iron-porphyrin complexes 
by PULLmAn, SSAXJ~.,AI~D and BEI~Tm~I~ [12, 13]. Their calculations are extended 
in this work to include (a) the effect of a dipole or a point charge placed at the 
sixth coordination position, and (b) the effect of a nitrogen atom placed at the 
fifth coordination position. We also introduce new parameter values, whose 
estimation is made by directing special attention to their dependence on the 
charge distribution among the atoms. 

In PUI~L~AX and others' work [12, 13] it was assumed that  in the high-spin 
complexes the 3 d electrons of the iron a tom do not participate in the bonding 
between Fe and the porphin ring, while in the low-spin complexes, they do. The 
calculated molecular orbital energies differed considerably for these two types of 
complexes. The work, therefore, suggested that  when a complex changes its spin 
state, there are drastic changes both in the character and in the energy of the 
molecular orbitals involving the 3 d orbitals. This may well be true, but the 
specific assumption mentioned above is rather artificial. Here we lift this assump- 
tion. Changes in molecular orbitals will be brought about through the dependence 
of the parameters on the charge distributions which are different for the high- and 
low-spin state. 

2. The Model 

All the periphera_~ snbstituents of the porphyrin ring are neglected so that  the 
system under consideration contains 20 C's, 4 iv's, and one Fe in the molecular 
plane (el. Fig. t), and one iv under the Fe atom - -  this will be denoted hereafter iv1. 
The assumed distances between the atoms are the following: F e - - i v  i.80 A, 
iV--  C ~ 1.38 A, C / - -  C and C ~ - -  C" i.40 A, F e - -  iV~ 2.i0 A. The bond angle 
< C~iVC ~ of 108 ~ is also assumed. These figures gre fairly close to the observed 
ones for nickel ethioporphyrin [1] and myoglobin [5]. 
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The ligand at the sixth coordination position apparently determines the spin 
state of the system. We replace this ligand by  a dipole or a point charge and 
investigate its effect. A dipole with its axis perpendicular to the molecular plane 
or a point charge is thus placed above the ave atom at the distance of 2.06 A. 
The system has the symmetry  C4v. 

The system is so large tha t  only the bonds between ave and four surrounding 
N 's  are considered for the g part ;  also the possible z bonding between Fe and N ~ 
is neglected. With all these simplifications, there are 42 electrons (one each from C, 
three each from iV, 8 from ave and 2 from N')  for the ferrous complex and 41 elec- 

trons for the ferric complex. To describe 

"~_ j.@(~ ~ 

Fig. 1. The skeleton of iron-porphyrin. Ex indicates 
the position of a dipole or a point charge 

them, we use the following 38 atomic 
orbitals : one 2 p z  of each C, one 2 p~ and 
one sp ~ hybridized a of each N, five 3 d, 
one 4 s and three 4 p of aVe and one sp 2 
hybridized orbital of ~g~ pointing to Fe. 

3. )lethod of Calculation 

Our model has the symmetry  of C~v 
but ff we disregard the point charge or 
dipole at  the sixth coordination position 

and the N ~ a tom at the fifth coordination position, the symmetry  is Dab. It is more 
convenient to name some of the molecular orbitals after the irreducible represen- 
tations of the group Dan. The names of the irreducible representations of the 
groups Dan and C4v and the relation between them can be seen in Tab. 1. 

Table 1. Irreducible representations o/the groups D4a and Car 

Alg A2u Big B2u Aeg Alu B20 Blu Eg Eu 

A 1 B 1 A S B~ E 

Putt ing aside the orbital of N ~, we form linear combinations of the 37 atomic 
orbitals available. The linear combinations form bases for the irreducible re- 
presentations of Dab. These are called symmetry  orbitals and explicit forms are 
given in Appendix I. The irreducible representations which appear and the number 
of linearly independent functions belonging to these follow: A~u (2), A~.u (5), 
Blu (3), B2u (3), Eg (7), Alg (3), B~g (2), Beg (l) and Eu (2). 

When the a tom IV ~ and/or a point charge or a point dipole are considered, 
we have A 1 (9) instead of Alg (3) and A~u (5) and an sp 2 hybrid of N '  pointing 
to the Fe atom. Off-diagonal elements between Bxg and B2u, B2g and Blu, Eg 
and Eu will be zero under the approximations employed in the present calculations. 
(This will be explained in the next section.) Even in the general case we shall keep 
the symmetry  notation of Dab except for Alg and A2u. 

Thus we have expressed the symmetry  orbitals in terms of atomic orbita]s. 
In  order to know how much these symmetry  orbitals mix to give molecular orbitals, 
we have to set up and solve the secular equations. 

Integrals which appear in the secular equations can be reduced to those 
involving atomic orbitals. In  the simple Hfickel theory, they are the Coulomb 
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integrals ~, 
defined as 

the resonance integrals ~ and the overlap integrals S. They are 

r 
~p = J Z~ (1) Heff (1) Z~ (i) dT1, (3.1) 

flPq -- f Z; (l) HeN ( i )  Zq (~) dT1, (3.2) 

S~q = f Z~ (l) Zq (~) d'v~, (3.3) 

where Zp and )~q are the atomic orbitals. The total IIamiltonian is assumed to be 

a sum of one-electron effective I-Iamiltonians lieN: 

H -- ~ Heff (i). (3.4) 
i 

The one-electron effective Hamiltonian HeN (i) may be considered to have the 
following form : 

Heff (i) = --  • Ai + ~. v a  (i), (3.5) 
2 a 

where v a  is the effective potential due to a tom a. 
The Coulomb integral cr for an atomic orbital Zp centred on the atom a can 

be split into two parts, sr and ~ :  

~ p  = Zp - -  2 -r  v a  z ~  dT ~ b ~  J Z~ v o  z ~  d v  = ccp + . 

The first te rm ~ may  be equated to a snitab]e valence-state ionization potential 
for occupied atomic orbitals (e.g. 2 pTe of C, iV and 3 d of Fe ++) or to an electron 
affinity for empty  atomic orbitals (e.g. 4 s and 4 p of Fe++). The second te rm ~ 
is neglected unless a tom b has an appreciable formal charge. When the a tom b 
does have a formal charge, Zb, the term is evaluated by  assuming tha t  a point 
charge, Z0, is situated at  the nucleus b. 

The resonance integrals fipq a r e  estimated by a slightly modified Wolfsberg- 
I-Ielmholz approximation [15], namely 

flpq = ~pq (K  a'v + aq . . . .  2 + ~2-~) ' (3.7) 

where K =2  for ~z bonds and 1.67 for a bonds. The basis of this approximation is 
not quite clear but  it is certainly most convenient in reducing the number of 
unknown parameters.  The modification we made consists in separating off the 
electrostatic part  ~ from COp. This is made in order to fulfill the requirement 
tha t  the resulting orbital-energy differences should not change, if we change the 
zero point of the energy by  adding a constant potential to the ]:[amlltonian. 

The values of the overlap integrals can be evaluated without too much diffi- 
culty, at least in principle. 

I t  should be noted tha t  all the parameters ~,/~ and S depend on the formal 
charge which the atoms carry. This necessitates the use of the method of trial and 
error which goes as follows. We first assume a charge distribution and determine 
the parameters.  Then we obtain the molecular orbitals and orbital energies, and 
thus we are led to a plausible electron configuration. Analyzing the wave function 
of this electron confi&~ration, we obtain a resulting charge distribution. I f  this is 
close to the starting' charge distribution, we can stop there. I f  the resulting 
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electron distribution differs Dom the starting one, we have to start  again assuming 
a more appropriate charge distribution. This is a requirement of self-consistency 
in charge distribution which seems to be quite important  in dealing with very 
hetero-polar systems like metal-porphyrine complexes. 

The potentials due to a point charge (charge Ze) and a dipole (moment # w-ith 
the axis on the z axis) placed at the distance R from the origin can be expressed, 
respectively, in the polar coordinates as follows : 

V =  ~ Pk (cos~9)? { (r/R)~' r<  R, 
~=o (R/r)k+~, r > R, 

V =  ~ P~ (cos~) ~ / - - (k  + 1) (r/R)L r < R, 
k=o ( /c (R/r)~+~, r > R. 

(3.8) 

(3.9) 

In  calculating matrix elements of these potentials with respect to the s-, p- and 
d-type atomic orbitals, the integrals can be carried out over the angular parts 
easily and the resulting expressions are listed in Appendix II .  

4. Values of the Parameters for Ferrous Complexes 

As was explained in the previous section, our parameter  values depend on the 
charge distribution we assume. 

The choice of parameters  by  SPANJAAI~D and BEI~TtfIEI~ [13] indicated tha t  they 
started from a model in which all the atoms are neutral. The resulting formal- 
charge distributions were Fe 3.a+ porphin 3.a- and Fe 1.5+ porphin ~.~- for low- and 
high-spin ferrous complexes respectively. In  view of these results, we start  with a 
model in which the formal-charge distribution is Fe 2.~ N ~176 all carbon atoms 
being considered as neutral. 

4.1. Valence-state ionization potential and electron a//inity 

The first te rm @ of the parameter  0r [cf. (3.6)] is equated to a suitable valence- 
state ionization potential for occupied atomic orbitals or to an electron affinity 
for unoccupied atomic orbitals. The values of these used in the present calculation 
are collected in Tab. 2. 

4.2. Contribution to or /rom the other atoms carrying a/ormal charge 

The second t e rm @ is est imated by  assuming the point charges Ze (Z = ~- 2 
for Fe, and - -0 .5  for each of four 2V) are located on the nuclei. For C, for exam- 
ple, we have 

I r - ~ e l  d~-- -Ir-or Ir -~ '~ l  dT (4.1) 

where ~YlN and qR'N are the position vectors of the nitrogen nuclei nearer and 
farther to the C atom under consideration, respectively. Each te rm in the right 
hand side of (4.1) is a so-called nuclear at tract ion integral. 

For the atomic orbitals used in estimating these integrals, for example 2 p ~c 
in (4.1), we take the Slater orbitals. The orbital exponents (~ are assumed as follows: 

d (N) = i.95, 
(C) = 1.625, (4.2) 

5 (Fe 3 d) = 2.08, 
6 (re 4 s) = ~ (Fe 4 p) = t.01. 
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Table 2. Valence-state ionization potentials and electron a/finities (in eV) 

Ionization potential I Electron affinity A 

Atom Orbital I Atom Orbital A 

C 
N '  
N '  

/~TO.5-- 

Fe2+ 

2 pz  
2 p z  

2 p z  

3 d  

11.42 * 
14.26 ** 
18.67 ** 

7.79 ** 
12.08 ** 
30.65*** 

Fea+ 
Fea+ 

4 8  

4 p  
16.18"** 
t i .41"** 

* The valence state is assumed to be the  te t ra-valent  sp ~ state. The value is taken from 
the  paper  by  H. 0.  P~ITe~A~D and H. A. SKI~E~,  Chem. Rev. 55, 745 (t955). 

** For  nitrogen, the  valence state is assumed to be a mixture of Va s 2 pa with factor ~/3 
and  Va sp a with factor 2/3. In  estimating I for the sp 2 hybridized a, I of 2 s for Va s ~ pa is 
assumed to be the  same as t ha t  for V 3 sp a. Numerical values are taken from P~ITCHARI) and 
SKI1N~N:ER'S paper.  

For N ~ an additional assumption is necessary. I t  is observed t ha t  the  ionization 
potent ial  of 2 p electrons for N - ,  N and N+ is a linear function of the ionicity of the atom. 
Thus it is assumed tha t  

I ( N  ~ = ~ [ I  (lV) + I (N-)] .  

*** I (Fe z+3d)  = E ( 3 d  5 ) - E ( 3 d a ) ,  
A (Fe 2+ 4 s) = E (3 d o ) - - E ( 3 d  a4s) ,  
A (Fe ~+ 4 p) - E (3 d 6 ) - E ( 3 d  a4p ) .  

Atomic te rm values are found in the  book by C. E. MOORE: "Atomic Energy Levels", 
National  Bureau of Standards,  Vol. I I  (1952). 

F o r  N a n d  C, t h e  v a l u e s  of  t h e  n u c l e a r  a t t r a c t i o n  i n t e g r a l s  a re  o b t a i n e d  b y  i n t e r -  

p o l a t i o n  o f  t h e  t a b l e  b y  KOTA~I e t  al.  [6]. T o  c a l c u l a t e  t.he n u c l e a r  a t t r a c t i o n  

i n t e g r a l s  w h i c h  i n v o l v e  F e  a t o m i c  o r b i t a l s ,  t h e  f o r m u l a e  g i v e n  in  A p p e n d i x  I I  

a re  used ,  w h e r e  t h e  v a l u e s  of  t h e  i n c o m p l e t e / ~  f u n c t i o n  a re  i n t e r p o l a t e d  f r o m  

P ~ - ~ s o ~ ' s  t a b l e  [9]. 

4.3. Va lues  o / C o u l o m b  integrals  oc 

T h e  w l u e s  o f  4 ;  we l l  as = + are li ted in  T a b  3. 

Table 3. The parameter cr ]or the model Fe a+ N 0.5- (in eV) 

Atom Orbital  a '  a "  a = ~x' + M' 

j ~ o , 5 -  

N o . 5 -  

C' 
C tl  

C 
Fea+ 
Fea+ 
Fea+ 

N '  

2~ 
r 

7g 

2~ 
Y~ 

3 d  
4 s  
4 p  

- -  7.79 
- -  12.08 
- -  11.42 
- -  t l . 4 2  

- -  11.42 
--  30.65 
- -  16.18 
- -  11.41 

18.67 

- -  7.92 
- -  11.72 

0.91 
0.44 
0.28 

15.80 
13.12 
13.12 

- -  4,99 

- -  15.71 
- -  23.80 
- -  10.51 
- -  10,98 
- -  11.14 
- -  14.85 
- -  3.06 

1.71 
- -  23.66 

4.4. Overlap in tegrals  

T h e  v a l u e s  of  t h e  o v e r l a p  i n t e g r a l s  ( e x c e p t  t h o s e  i n v o l v i n g  t h e  N ' o r b i t a l )  

we re  ca lcu la te r  b y  SPANJ~ARD a n d  BEnTt r IE~  [13] u s i n g  S l a t e r  o r b i t a l s .  T h o s e  

i n v o l v i n g  t h e  N '  o rb i t a l ,  we h a v e  c a l c u l a t e d  u s i n g  t h e  s ~ m e  AO' s .  

26* 
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We adopt SPAl~JAAl~D and BEI~THIER'S values for the overlap integrals between 
C and C, and C and 37. However, their values for the overlap integrals between 
Fe and iV are modified by  multiplying them by the constant factor 0.75. This 
factor is the ratio a/b. a is the overlap integral between the Fe ~+ Hartree- 
Fock 3 da [14] and the iV sp ~ hybridized Slater orbital evaluated along the inter- 
nuclear axis. b is the same integral between the lye Slater 3 da orbital and the 
iv sp 2 hybridized Slater orbital. This procedure is introduced to obtain approximate 
overlap integrals between Fe 2+ and N,  but is certainly a very crude one. However, 

it is hoped tha t  the results of the calculations 

Table 4. Values o] overlap integrals 

(C 2 pz 1 C 2 p~) 0.2444 
(C 2 pn 1N 2 p~) 0.t930 
(Fe 3 dz I N 2 p~) 0.t040 
(Fe 4 p~ 1 2t 2 p~) 0.1297 
(Fe 3 d~ t N 2 p~) -- 0.1133 
(Fe 3 d~_y~ I ~ 2 p(~) 0.1963 
(Fe 4 s I AT 2 p(~) 0.2129 
(Fe 4 p~ I N 2 pa) 0.2939 
(Fe 3 dz~ I 2~') 0.t560 
(Fe 4 s I N') 0.2025 
(Fe 4 p I N') 0.2976 

are not so sensitive to the values of theoverlap 
integrals. The values used are given in Tab. 4. 

4.5. Resonance integrals 

Resonance integrals between non-neighbours 
are neglected. Those between neighbours are 
calculated from Coulomb and overlap integrals 
by using the formula (3.7). 

4.6. E//ects o / a  point charge or a dipole 

The  cases in which a dipole of either 0.5 or i.0 
a. u., or a point charge of i.0 a. u. is placed at  the 

sixth coordination position are investigated. 
The effects of these static fields on the Coulomb integrals (~") are calculated 

by the formulae given in Appendix I I .  The resonance integrals are changed 
accordingly [cf. (3.7)]. However, direct contributions of the static fields to the 
resonance integrals are neglected. 

In  the non-oxygenated condition of haemoglobin, the water molecule is 
at tached at the sixth coordination position, while in the oxygenated condition, 
the oxygen molecule is at tached there. 

The permanent  dipole of the water molecule is known to be 0.728 a.u. (= i . 85  
Debye) by  experiment. Induced dipoles of the water and oxygen molecules placed 
at a distance of 2.01 A from Fe are estimated to be 0.54 and 0.55 a.u., respectively. 
in  this estimation, we must,  of course, take into account the effect from the 
negative formal charge of 0.5 on each nitrogen atom. 

Assume that  we can neglect the polarization of the surroundings although this 
is very doubtful. Then the main part  of the electrostatic interaction between the 
haem and the oxygen (or water) molecule may  be represented by placing a dipole 
of 0.5 (~.0) a.u. at the sixth coordination position. 

5. Results and Discussion for Free Porphin and Ferrous Porphyrin 

5.1. Orbital energy and atomic population analysis 

Orbital energies are tabulated in Tab. 5, and the significant energy levels are 
illustrated in Fig. 2. Because a comparison of the absolute energies of cases 
having different external fields has little meaning, the orbital energy differences 
are recorded with respect to the i alu orbital, as shown in the figure. 

For free porphin, we choose a model in which the two protons inside the 
porphin ring are completely screened by ~ electrons. The four nitrogens contribute 
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6 ~-electrons to the system. 26 ~-electrons occupy the lowest 13 molecular orbitals 
as follows : 

(1 aeu) ~ (ieg) a (1 b~u) ~" (1 b~u) ~ (2 @)4 (2 aeu) ~ (2 b2u) ~ (3 ca) a (t a~u) ~ (3 azu) ~. 
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1 
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\ 
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6 -  \ 
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5 -  
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No ex/ernd l?eld _:xlemal&Id 

D=O.Sa.zL D=l~u. f=-Icf.~. 
~r-:7--:---~2b:# 

i-3ctxa-yz 

_ ~ @  -3GU 
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, I  

~ j  ......... 

/ 
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4 r ,  , 

/" 
/ 

3~2......__.__ " / 
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12eg- - - - " ~  " , \ @  - - -  
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-31 lbz~.__.____. -3dx~ 

\ 
\ 
\ 

-5 \ 
\ 
\ / /  

-0  

/~s/Zg-27-~ sal 
/ 

i . .  / 

/ i ~  5~ 

\,4 / / \  
/ \ z ~eg 

_ _ 1  
sdx~ &q 

I la1~_ i 
I ~ s a q  

/ 
/ 

lbq~ 
.We 9- 

-2  

I .  3~/ / / / /  

/ 
/ 

/ 

/ ~ /  - -5  
I" 

Fig. 2. Energy levels of 1oorphin and ferroqoorphyrin 

If  we apply MO~L~K~S~r'S population analysis [7] to the wave function represent- 
ing this electronic configuration, we obtain the following charge distribution: 

N1.60 C0.95 C,0.95 C-1.0~. 

The charge distribution suggests that the nitrogen atoms attract electrons 
from the carbon atoms but the degree is very small, and the whole molecule is 
almost homo-polar. 

For ferrous porphyrhl, the degree of mixing of the iron orbitals in the molecular 
orbitals is of some interest. In Tab. 6, the atomic populations are given for the 
molecular orbitals which have more than 1 0 ~  Fe 3 d population. 
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T a b l e  5. Orbital energies (in eV) 

Iron-porphyrin 

l )~ No external field = 0.5 a.u. D = 1.0 a.u. P = - -1 .0  a.u. 

3 b~.~ 0 . 5 0  

6 e~ - -  0 . 5 9  
4 a e .  - -  0 .71  

2 a t .  3 . 95  
5 e~ - -  4 . 89  

3 b ~  - -  6 . 1 4  

2 b ~  - -  9 .39  

4 e~ - -  1 0 . 7 9  

3 az~ - -  1 2 . 4 7  

i a l ~  1 2 . 9 2  

3 eg - -  1 3 . 8 2  
2 b2~ 1 3 . 8 4  

2 a2~ - -  1 3 . 8 6  
2 e~ - -  1 4 . 1 2  

i b ~  - -  1 4 . 6 6  
I b ~  - -  1 6 . 1 6  

t e~ - -  1 6 . 3 0  

I a ~  - -  1 6 . 4 0  

(1 eu) 
( t  al~) ~ - -  ~8 .75  

(1 b ~ )  J 
/ 

9 a 1 
2eu 
8 ax 
3 bl~ 
7 e~ 
7 a~ 
2 a~u 
6 ea 
3 b.,~ 
2 b~ 
2 b~ 
5 e~ 
6 a~ 

I alu 
5 a~ 
4 e a 
3 eg 
2 b.~ 
4 a 1 
t b~ 
2 ea 
I b~ 
I b~  
3 a 1 

2 al 
l e a  

I b~ 

D 

7.27  9 a~ 

5 .17  2 e~ 
2 .49  8 a 1 

0 .11  3 bl~ 

- -  0 . 2 1  7 eg 

- -  1 . 5 1  7 a 1 
- -  3 . 37  2 a l ~  

- -  4 . 6 2  6 eg 

- -  6 .63  3 b2~ 

- -  8 .48  2 big 
- -  8 .97  2 b l .  

- -  1 0 . 2 9  5 e~ 

- -  1 1 . 8 0  6 a I 

- - 1 2 . 1 4  4 eg 

- - 1 2 . 3 6  I a l ~  

- -  1 2 . 4 0  5 a t 
- -  1 3 . 3 9  3 eg 
- - 1 3 . 7 6  2 b 2 ~  

- -  1 4 . 0 2  4 a  t 
- - 1 4 . 0 5  I bl~ 
- - 1 4 . 5 0  1 b~g 

- - t 4 . 8 5  2 e~ 

- - 1 6 . 3 0  I b ~  

- -  1 6 . 3 7  3 a~ 
- -  1 7 . 9 1  t e~ 

- -  2 3 . 7 3  2 a t 
- - 2 3 . 9 7  t e~ 

- -  2 4 . 5 4  i a t 
- - 2 4 . 9 5  t bl~ 

7 .73  9 a 1 
5 . 5 4  2 eu 
2 .93  8 a 1 
0 .25  3 bl~ 

- -  0 . 0 5  7 eg 
- -  1 . 3 0  7 a 1 

- -  3 . 25  2 a~ 
- -  4 . 4 4  6 e~ 

- -  6 . 43  3 b2~ 

- -  7 .76  2 big 

- -  8 .86  2 bl 
- - 1 0 . 0 7  6 a 1 

- -  i 0 . 7 0  5 eg 

- -  1 1 . 8 3  4 eg 

- - t l . 9 8  I a ~  

- - t 2 . 2 3  5 a 1 

- - t 3 . 2 5  3 eg 
- - 1 3 . 6 3  l b 2 g  

- - 1 3 . 8 5  2 b2u 
- - ' 1 3 . 8 9  4 a 1 

- - 1 4 . 0 7  I b l~ 

- - t 4 . 2 8  2 eg 

- - 1 5 . 9 3  t b ~  

- -  1 6 . 0 2  3 a 1 
1 7 . 3 t  t eg 

- -  2 3 . 4 2  2 a 1 

- -  2 3 . 5 6  t e .  
- -  2 4 . 0 9  I a 1 

- - 2 4 . 4 7  I btg 

8 .22  

5 .90  
3 .37  

0 .39  

0 . t l  

- -  1 .09  
- -  3 A 2  

- -  4 . 2 5  

- -  6 .22  
- -  7 . 04  

- -  8 . 7 4  

- -  9 . 60  

- -  9 . 80  

- -  1 1 . 2 7  

- -  1 1 . 8 1  

- -  1 2 . 1 0  

- -  13 .11  
- -  1 3 . 2 8  

- -  1 3 . 4 9  

- -  1 3 . 6 8  
- -  1 3 . 7 3  

- -  1 4 . 0 8  

- -  1 5 . 5 6  

- -  1 5 . 6 7  
- -  1 6 . 7 5  

2 3 . 0 9  
- -  2 3 A 4  

2 3 . 6 8  

- -  2 4 . 0 0  

9 a 1 1 4 . 7 6  
2 e~ t 0 . 6 2  
8 a 1 8 .88  

3 b lu  3 .75  

7 eg 3 .57  

7 a t 2 . 66  
2 a l ~  0 . t 0  

6 eg - -  0.71 
2 bl~ - -  1 . 94  

3 b2~ - -  2 .52  
6 a 1 - -  4 . 3 5  

2 bl~ - -  5 .61  

5 eg - -  5 .67  

4 eg - -  7 .26  

I b2g - -  8 .14  

t a l ~  - -  8 . 35  

5 a 1 - -  8 .79  
3 eg - -  9 . 80  

2 b2u - - 1 0 . 2 0  

4 a t - -  1 0 . 2 2  
I b l~ - - 1 0 . 3 0  

2 e~ - -  1 0 . 6 9  

I b2~ - -  I I . 4 4  

3 a t - -  1 1 . 6 7  
I e g  - -  t 2 . 2 3  

I e~ - -  1 8 . 2 8  

2 a 1 - -  18 .41  
I btg - - 1 9 . 0 9  

I a 1 - -  2 0 . 3 4  

T h e  m o l e c u l a r  o r b i t M s  w h i c h  h a v e  t h e  l a r g e s t  c o n t r i b u t i o n  o f  Fe  3 d a t o m i c  

o r b i t a l s  a r e  

2 b i g  ~ 3 dx~ -y~ ,  

6 a 1 ~ 3 dz~, 

4 e~ ~ 3 dxz, 3 dyz, 

a n d  t b,,g --~ 3 dxy.  

T h e y  a r e  i n d i c a t e d  s o  i n  F i g .  2 .  T h e r e  i s  o n e  e x c e p t i o n .  I n  t h e  c a s e  o f  t h e  p o i n t  

c h a r g e  f i e l d ,  5 er  i n s t e a d  o f  4 e a h a s  t h e  l a r g e s t  3 dxz, 3 dyz c h a r a c t e r .  

T h e  o r d e r  o f  t h e  o r b i t a l  e n e r g i e s  e o f  t h e s e  o r b i t M s ,  n a m e l y  

e ( l  b 2 g )  < e ( 4  e g )  < e ( 6  a l )  < e ( 2  b i g ) ,  

i s  i n  a g r e e m e n t  w i t h  t h e  o r d e r  i n d i c a t e d  b y  e l e c t r o n  s p i n  r e s o n a n c e  e x p e r i m e n t  

o n  f e r r i t e  c o m p l e x e s  [ 2 ] .  H o w e v e r ,  t h e  c a l c u l a t e d  d i f f e r e n c e  b e t w e e n  t h e s e  l e v e l s  

i s  m u c h  t o o  b i g  i n  c o m p a r i s o n  w i t h  t h e  v a l u e s  o b t a i n e d  b y  a n a l y s i s  o f  o b s e r v e d  g 

t e n s o r  o f  f e r r i h a e m o g l o b i n  a z i d e  [ 4 ] .  F o r  e x a m p l e ,  t h e  e a l e u l a t e d  v a l u e  o f  

e (4  eg) - -  e (1 b2g) i s  2 . 5  e V  w h i l e  G tCl I rF ITI t 'S  e s t i m a t e  i s  o n l y  a b o u t  0 . 2  e V .  
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I t  is a p p a r e n t  in  F i g u r e  2 t h a t  t h e  o r b i t a l  energ ies  of  t h e  fou r  o rb i t a l s  o f  s t r o n g  

Fe c h a r a c t e r  are  m o r e  s ens i t i ve  t o  t h e  e x t e r n a l  f ield s t r e n g t h  t h a n  t h e  e n e r g y  o f  

t h e  o t h e r  m o l e c u l a r  o rb i t a l s .  Th i s  is q u i t e  n a t u r a l  s ince  t h e  Fe a t o m  is t h e  n e a r e s t  

t o  t h e  source  of  t h e  e x t e r n a l  field. H o w e v e r ,  b o t h  t h e  e n e r g y  d i f fe rences  b e t w e e n  

Table 6. Atomic population/or some molecular orbitals 

~ A t o m  I 
"-,,, ,,,iFe(3d)l (4s,Fe4p) 4 N a  4 N z  il 4C 8C' 

MO 

2 bla I 0.821 
6 a, ] 0.848 
4 eg 0.429 
2 eg 0.114 
1 b2g 1.000 
t eg 0.375 
t a~ i 0.127 
I b,g I 0.179 

i 

2 big 
6 a 1 
4 ea 
1 b2g 
t e e  
i a x 
I big 

2 b*a 
6 a 1 
5 ea 
4eg 
1 b2g 
I e a  

1 b,g 

2 big 
6 a 1 
5 eg 
4 ea 
1 b2g 
1 ea 
I b,~ 

(I) No external field 

- -  0.179 - -  
0.029 0.069 0.000 

- -  0.247 
- -  0.004 

- -  - -  0.579 
--0.008 0.573 0.060 

- -  0 . 8 2 1  - -  

' I 
(II) Dipolar field of 0.5 a.u. 

0.830 - -  0.170 
0.862 0.032 0.060 
0.462 
1.000 - -  - -  
0.32~_ - -  - -  
0.111 --0.007 0.477 
0.170 - -  ' 0.830 

] 

0.838 
0.873 
0.174 
0.442 
1.000 
0.272 
0.162 

0.844 
0.890 
0.522 
0.16.5 
1 . 0 0 0  

0.177 
0.t56 

0.000 
0.190 

0.616 
0.000 

0.001 

0.00t 
0.177 

0.001 

0.000 

0.000 
0.001 

0.035 

0.002 
0.000 

(III) Dipolar field of 1.0 a.u. 

0.162 - -  - -  
0.052 0.000 0.000 

0.t21 0.285 
- -  0.120 0.013 

- -  0.646 i 0.004 
o.83s - 1 - 

of -- 1.0 a.u. 

0.000 

0.154 
0A36 

0.016 

(IV) Point charge 

- -  0.t56 - -  
0.033 0.049 0.000 

- -  0.156 
- -  - -  0.004 

- -  - -  0.627 
- -  0.844 - -  

0.000 
0.090 
0.334 

0.044 
0.000 

0.000 
0.144 

0.058 
0.000 

0.000 
0.153 
0.213 

0.074 

8 C" 

0.000 
0.233 
0.37t 

0.001 

0.000 

0.000 
0.203 

0.003 
0.000 

0.000 
0.266 
0.21t 

0.005 

0.000 0.000 
0.035 0.133 
0.362 0.334 

0.141 0.038 

N '  

0.053 

0.307 

0.045 

0.420 

0.039 

0.028 

t h e s e  levels  a n d  t h e  p e r c e n t a g e  of  Fe A O ' s  in  t h e  o rb i t a l s  do n o t  c h a n g e  v e r y  

m u c h  w h e n  t h e  d ipo le  is i n c r e a s e d  f r o m  0 to  i a.u.  ( abou t  2.5 D e b y e )  or e v e n  for  

t h e  ease  w h e n  a p o i n t  cha rge  inc reases  f r o m  0 to  I a.u.  

5.2. Electronic con]iguration and charge distribution o/the low-spin state 

F o r  t h e  l ow -sp in  s t a t e  of  f e r r o - p o r p h y r i n  (wi th  S = 0), t h e  e l ec t rons  o c c u p y  

t h e  lowes t  21 m o l e c u l a r  o rb i t a l s  as fo l lows:  
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(l ble) ~ (i  31) 2 (i eu) 4 (2 31) ~ ( leg)  4 (3 al) 2 (i b2u) 2 

(2 ee) 4 (4 b2g) ~ (i blu) ~ (4 al) ~ (2 b~u) 2 (3 eg) 4 (5 al) 2 

(i a~)~ (4 eg) 4. 

This configuration yields, by  the  popula t ion analysis [7], the  charge distribu- 
t ions which are given in Tab.  7. These, except  for the point  charge case, are 
reasonably  close to our s tar t ing  assumpt ion  about  the  formal  charge, name ly  
Fe 2.~ N ~ In  the  case of the  point  charge of - - I  a.u., its effect is so big t ha t  
e]ectrons are repelled f rom the central  Fe a tom to the  peripheral  carbon a toms,  
and the  formal  charge on the  Fe a t o m  is as great  as § 4.0. As no stable ferrous 
complex with a negat ive  ion a t  the sixth coordination position is known, an effort 
to  make  the  calculation consistent in the charge distr ibution is not  a t t empted .  

Table 7. Charge distribution o//erro-porphyrin in the low-spin state�9 
The values in parentheses are the/ormal charges 

C I! 

C' 
C 
2~ 
Fe 
.N' 

N o  e x t e r n a l  f ield D = 0 .5  a .u .  D = 1.0 a . a .  P = - - 1 . 0  a .u ,  

1.03 (- 0.03) 
0.8S ( 0 . 1 2 )  
1.0t (-  0.01) 
3�9 (-  0.66) 
6.16 ( t . 8 4 )  
1.9t ( 0 . 0 9 )  

1.05 (-  0.05) 
0.89 ( 0 . 1 1 )  
t.02 (- 0.02) 
3.64 (-  0.64) 
5.93 ( 2 . 0 7 )  
1.92 (0 �9  

~.07 (- 0.07) 
0.92 ( 0 . 0 8 )  
1.05 (-  0.05) 
3.61 (-  0.61) 
5.54 ( 2 . 4 6 )  
t.94 ( 0 . 0 6 )  

1.20 (-  0�9 
0.94 (0 .06 )  
1.22 (-  0.22) 
3�9 (- 0.53) 
3�9 ( 4 . 0 3 )  
1.97 ( 0 . 0 3 )  

5.3. Electronic con/iguration o/ the  high-spin state 

For  the  high spin s ta te  (with S = 2), we mus t  have  four  singly-occupied orbitals.  
The  sum of orbi ta l  energies is higher t han  t ha t  in the  ]ow-spin state,  and the  first 
stabilizing factor  we can th ink  of is the  exchange interact ion.  Then  the  singly- 
occupied orbitals should be fair ly localized a round the  Fe  a tom.  The following 
configuration suggests i tself  

�9 . .  ( l  a lu )  ~ (4 eg) ~ (6 al )  (2 big). * 

The charge distr ibutions obta ined f rom the above configuration are given in 
Tab.  8. The computed  charge distr ibution is not  as close to the  s tar t ing  charge 
distr ibution as it was in the  case of  the  low-spin state.  We should repea t  the  
calculation s tar t ing  f rom a new charge distr ibution something like Fe 1.2+ •o.5- 
C/~ Then we could obtain  new orbitals and  their  orbi tal  energies and see how 
much  they  are different f rom those in the  low-spin case. We have  not  repeated  
the  calculation, however,  because the  dependence of the  molecular  orbitals and 
their  energies on the  spin-state  is caused also by  electron-electron interact ion 
which is not  explicit ly t aken  into account  in the  Hiickel method.  

The orbi tal  energy differences (cf. Tab.  5) e (6 31) § e (2 big) - -  2 e (4 ea) are 
4.5 eV, 5.2 eV and 5.9 eV fo r  D = 0, 0.5, i .0 a.u., respectively.  I t  seems not  

�9 For the case of the point charge, 
. . .  (l alu) 2 (5 eg) 2 (6 al) (2 b~a) 

would be ~he configuration, bu~ we shall not discuss it because of i~s inconsistency in charge 
distribution with the s~arting model�9 
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unreasonable to suppose tha t  4.5 - -  6 eV could be gained from the electron inter- 
action energy in going from the low-spin to the high-spin state. To settle this point, 
as well as to obtain bet ter  molecular orbitals, it is necessary to apply a method, 
such as P~U~IS~-PAI~-Po~Ln'S [8, 10], in which the Coulomb repulsion between 
electrons is explicitly taken into account. 

I t  may  be worth mentioning tha t  the orbital energy difference e (6 al) + e (2 big )--  
- -  2 e (4 %) is bigger when the dipolar field strength D is greater. As there is no 
big change in the iron AO percentages of the three molecular orbitals 6 al, 2 big, and 
4 eg when D increases from 0 to i a.u. (see Tab. 6), there should not be much 
change in the electron interaction energy. I t  looks, therefore, like the high-spin 

e II 

C' 
C 
N 
Fe 
N'  

Table 8. Charge distribution of ]erro-porphyrin in the high-spin state. 
The values in )arentheses are the/ormal charges 

N o  e x t e r n a l  f i e ld  D = 0 .5  a . u .  D = 1 ,0  a . u .  

0.97 (0 .03)  
0.86 ( 0 A 4 )  
1.01 (- 0.01) 
3.60 (- 0.60) 
7.00 (~.00)  
1.96 (0 .04)  

1.00 (0 .00)  
0.86 ( o A 4 )  
~.02 (- 0.02) 
3.60 (- 0.60) 
6.73 ( t . 2 7 )  
1.97 (0 .03)  

~.02 (- 0.02) 
0.86 (0 .14)  
1.04 (- 0.04) 
3.60 (- 0.60) 
6.40 ( t . 6 0 )  
1.98 (0 .02)  

state being more unstable when the dipolar field is greater. However, ferrohaemo- 
globin (with the water molecule as the sixth ligand) is known to be in the high-spin 
state while oxygenated haemoglobin (with the oxygen molecule, which has only an 
induced dipole*, as the ligand) is in the low-spin state. Thus the computed result 
contradicts the experimentally known fact. This might suggest tha t  there is a 
weak chemical bond between 02 and haem and tha t  the interaction is not essen- 
tially electrostatic. 

5.6. Spectrum 

Iron-porphyrin complexes show either one or two bands of moderate intensity 
in their visible spectra in the region 6300 A ( N  2.0 eV) to 5000 A ( N  2.5 eV) and 
an extremely strong band, called the Sorer band, at about 4000 A ( ~  3.0 eV). 
Thus Hb02, HbH20 and even metM-free porphyrin have Sorer peaks around 
4000 A. 

The simple Hiickel method employed here is known to be not reliable in 
discussing spectra. Nevertheless we t ry  to see what we can say about the spectra 
from the results of the present calculations. 

We assume tha t  the Sorer band for metal-free porphin is assigned to the 
transitions from the ground state to two excited configurations as follows: in one 
an electron is excited from 3 asu to 4 %, in the other from i alu to 4 eg [3]. For 
iron-porphyrin, then, it is natural  to assign the Sorer band to the transitions 
5 a 1 --> 5 eg and i alu --> 5 %, since 5 a 1, i alu and 5 eg correspond to 3 asu, I alu 
and 4 eg in porphin, respectively (of. Fig. 2). 

* The effect of a quadrupole is examined and found to be very small for a reasonable range 
of the strength of the cluadrupole field. 
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The differences between the orbital energies of  these two configurations 
s (5 eg) - -  e (1 alu) and e (5 eg) - -  e (5 al) are listed in Tab. 9. This table shows 
tha t  these orbital energy differences are insensitive to the dipolar field strength.  
There is a suggestion tha t  the inter-configuration matr ix  element is roughly 

Table 9. s (5 e~) --  s (1 al~) and e (5 eg) --  e (5 al) (in eV) 

Iron-porphyrin I 
Porphin 

No external field D = 0.5 a.u. D = 1.0 a.u. 

r e (5 eg) -- e (1 al~) 1.85 1.91 2.01 e (4 eg) --  s (1 ate) 2.13 
s (5 eg) s (5 al) 2.07 2.16 2.19 e (4 eg) -- e (3 a2u) 1.68 

constant  for all porphins [3]. I f  we assume this, Tab. 9 indicates tha t  the peak of 
the Sorer band  is insensitive to the external field or the ligand at the sixth coordi- 
nat ion position, in accordance with the experimental observation. 

The inter-configuration mixing matr ix  element of 0.42 eV was used by  
GOTST~R~AI# [3]. This value and the calculated orbital energy differences give the 
peak of  the Soret band at about  2.5 eV ( ~  ~960 A), which is too big by  0.5 eV. 
However,  the agreement is as good as we could expect in the simple Hiickel 
method*.  

6. A Difficulty with Ferric Iron-Porphyrin 

As was shown in Tab. 7, we obtained a charge distribution which is reasonably 
close to the start ing model F e  e+ N ~ for the ferrous i ron-porphyrin in the low- 
spin state. 

We have failed to obtain this consistency for the ferric iron-porphyrin.  By  
star t ing from the model F e  ~+ N ~ all the orbitals with strong F e  3 d character 
tu rn  out to have much too low energies. The resulting formal charge on F e  is 
nearly zero. By  start ing from the model Fe  2+ N ~ instead, the orbitals of strong 
iron character  still come out  much too low. 

I f  we regard the ferric complex as the ferrous complex minus an electron in the 
highest occupied orbital, we arrive at  the following model:  

N Io.1+ Fe  ~.s+ N ~ C ~~ (an electron missing from 4 eg). 

I f  we speculate about  the ferric complexes in the high-spin state, the above 
models lead to a picture in which unpaired electrons are fairly delocalized. Then 
the problem immediately arises; what  is the stabilizing factor  for the highispin 
state, as the exchange interaction should be small ? 

On the other hand, if we assume the unpaired electrons are localized around 
the Fe  atom, we have to explain why  an electron can be taken away  onlY from the 
F e  a tom (without disturbing the balance between the Fe  a tom and the porphin 
ring), when the  ferrous complex is oxidized. 

I t  would be extremely nice if we could find out the distribution of these 
unpaired electrons in the complex from some experiment,  such as a double 
resonance experiment.  

* As the  sys tem is large and  all the  molecular  orbitals  involved in t he  t ransi t ions  are spreed  
over the porphin ring, we need not Worry too much about a singlet-triplet splitting: The 
exchange integrals between these orbitals should be fairly smM1. 
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Append ix  I 

Symmetry  Orbitals 

The co-ordinate system and the numbering of atoms in the molecular plane are shown 
inFig .  3. 

([)Orb~alsofthez-eharaeter 

At~ C ' 2 p n  1 - - 2 + 3 - - 4 + 5 - - 6 + 7 - - 8  
C " 2 p ~  1 - - 2 + 3 - - 4 + 5 - - 6 + 7 - - 8  

As,, aVe 4 pz 
N 2p~ 1 
C 2p~ 1 
C' 2 pz  a 

BI,, C 2 pz 1 
C ~ 2p~ 
C '~ 2 p~ t 

B2 u N 2 pY~ l 

C' 2 p~ i 
C" 2 pz~ t 

E~ aVe 3 d~, (3 dye) 
N 2 p z  2 
C 2p~ 1 
C ~ 2 p z  2 
C' 2p~ 1 
C" 2 p~ 2 
C" 2 p~ 1 

C' 2p~ 1 

(AI.~) = K [ (2 

+ 2 + 3 + 4  
+ 2 + 3 + 4  
+ 2 + 3 + 4 + 5 + 6 + 7 + 8  
+ 2 + 3 + 4 + 5 + 6 + 7 + 8  
- - 2 + 3 - - 4  
+ 2 - - 3 - - 4 + 5 + 6 - - 7 - - 8  C' U 
+ 2 - - 3 - - 4 + 5 + 6 - - 7 - - 8  C~ - 
- - 2  + 3 - - 4  
- - 2 - - 3 + 4 + 5 - - 6 - - 7 + 8  ff~ 
- - 2 - - 3 + 4 + 5 - - 6 - - 7 + 8  

- 4 ,  (1 - 3 )  

+ 2 - 3 - 4 , ( t - 2 - 3  +4)  
+ 3--6--7, (I--4--5 + 8) 
+4--5--8,(2--3--6+7) 
+3--6--7,(I--4--5 +8) 
+4--5--8,(2--3--6+7). 

T 

Y#1 
I 

#3 

Fig.  3. The co-ord ina te  sy s t em a n d  
n u m b e r i n g  of  a t o m s  

# 

Here - -  2 + 3 - -  4 + 5 - -  6 + 7 - -  8, for example, means 

p2T) C'1 - -  (2  p 3 )  C'2 + (2  p:rg) C'8 - -  (2  p Z )  C'4 + (2  pJT) C'5 - -  

- -  ( 2  p ~ )  ~ + ( 2  p ~ )  o,7- - ( 2  p ~ )  ~,s ] ,  

with a suitable normalization constant K. 

(II) Orbitals of the a-character 
Alg aVe 3 d~ 

Fe 4s 
N a 1 + 2 + 3 + 4  

Big Fe 3 d~-v~ 
N a 1 - - 2 + 3 - - 4  

B~  aVe 3 d~u 
E~ Fe 4 px, (4 py) 

N a 2 - - 4 , ( t - - 3 )  

Appendix  I I  

Matrix  elements o/ the potentials due to a point charge and a dipole 

We denote the radial part of an atomic orbital by Rnt (r), and introduce the following 
integrals: /~ oo 

o R 
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for the point charge case, 
R o~ 

[]c]u, = ~ ( - - ( ] c + l ) f R n ~ R n , v ( r / R ) ~ r 2 d r + k f . R ~ z R ~ , v ( R / r ) ~ + ~ r 2 d r )  (A2) 

0 R 
for the dipole case. 

By using them, the matrix elements can be expressed as follows: 

(s I V l s) = [0]~, 
2 

1 
(x] v ]  z) = (yl v ]  y) = [0],~ - ~  [2]~ ,  

2 6 
(z~ [ v I z2) = [0]~  + ~ [ 2 ] ~  + ~ [4]~, 

2 1 
(x~__ y2 I V lx2_y2)  = (xy I V lxy ) = [0]~--7~[2]~4 + ~- [4]~, 

1 4 

1 
(~ I v l ~1 = V-~ [2]~, 

1 

2 9 

1 3 

The integrals [k]n, can be expressed in terms of elementary functions when the atomie 
orbitals involved are Slater functions and their principal quantum numbers are integers. 
When the principal quantum number is not an integer (e.g. for 4 s and 4 p), the integrals 
can be expressed in terms of incomplete gamma funetions. 
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